
Problem of the Week

September 16, 2008

Owari (Solitaire version)

There are many variants of the ancient African game Mancala.  This one
involves no strategy at all and only requires one player.   The player sits in
front of a large number of holes, some of which contain seeds (or stones, or
marbles, or whatever) and some of which are empty.  Each turn consists of
taking one seed from each occupied hole and placing all of them into any
empty hole.  For example, the above shows a game starting with 1, 9, 5, and
6 seeds.  The second state will look like this:

Thus, the occupied holes will have 8, 4, 5, and 4 seeds.

Question:  What will be the contents of the holes on the 1,000th stage?

To be clear: the order doesnÕt matterÉthat will change depending on which
empty holes are selected.  And, just to fix the numbering, the first stage is
{1, 9, 5, 6} and the second stage is {8, 4, 5, 4}.  Assume throughout that you
never run out of empty holes (though I have shown only 5).

Question:  What would be the contents of the holes on the 1,000th stage if
the first stage were, say, {1, 9, 9, 7} ?  Try different starting patterns!



Solution:  It is best, I think, to work this out by hand.  I automated the
business using Mathematica:
F@n_D: =If @nS0, 0, 1D
NZ@L_List D: =Length @LD-Sum@F@L@@iDDD,8 i , 1, Length @LD<D
Clean@L_List D: =Table @Sort @LD@@iDD,8 i , NZ@LD+1, Length @LD<D
G@L_List D: =Clean@Sort @Prepend@Table @L@@iDD-1,8 i , 1, Length @LD<D, Length @LDDDD
Game@L_List , 1D: =Game@L, 1D=L
Game@L_List , n_D: =Game@L, nD=G@Game@L, n-1DD
Starting with {1, 9, 5, 6}, the pattern stabilizes on the 14th stage, as:88 1,8 1, 9, 5, 6<<,8 2,8 4, 4, 5, 8<<,8 3,8 3, 3, 4, 4, 7<<,8 4,8 2, 2, 3, 3, 5, 6<<,8 5,8 1, 1, 2, 2, 4, 5, 6<<,8 6,8 1, 1, 3, 4, 5, 7<<,8 7,8 2, 3, 4, 6, 6<<,8 8,8 1, 2, 3, 5, 5, 5<<,8 9,8 1, 2, 4, 4, 4, 6<<,8 10,8 1, 3, 3, 3, 5, 6<<,8 11,8 2, 2, 2, 4, 5, 6<<,8 12,8 1, 1, 1, 3, 4, 5, 6<<,8 13,8 2, 3, 4, 5, 7<<,8 14,8 1, 2, 3, 4, 5, 6<<,8 15,8 1, 2, 3, 4, 5, 6<<<

Here I have written the contents in ascending order.  It should be clear that
any starting pattern of the form {1, 2, É., n} is fixed.

{1, 9, 9, 7} is quite different.  Here are the first 15 stages:
Table @8 n, Game@8 1, 9, 9, 7< , nD< ,8 n, 1, 15<D88 1,8 1, 9, 9, 7<<,8 2,8 4, 6, 8, 8<<,8 3,8 3, 4, 5, 7, 7<<,8 4,8 2, 3, 4, 5, 6, 6<<,8 5,8 1, 2, 3, 4, 5, 5, 6<<,8 6,8 1, 2, 3, 4, 4, 5, 7<<,8 7,8 1, 2, 3, 3, 4, 6, 7<<,8 8,8 1, 2, 2, 3, 5, 6, 7<<,8 9,8 1, 1, 2, 4, 5, 6, 7<<,8 10,8 1, 3, 4, 5, 6, 7<<,8 11,8 2, 3, 4, 5, 6, 6<<,8 12,8 1, 2, 3, 4, 5, 5, 6<<,8 13,8 1, 2, 3, 4, 4, 5, 7<<,8 14,8 1, 2, 3, 3, 4, 6, 7<<,8 15,8 1, 2, 2, 3, 5, 6, 7<<<

Note that the 4th  stage is the same as the 11th.    To get the 1,000th stage we
note that 1000 Ð 4 = 996 and since 996 divided by 7 has a remainder of 2,
the 1000th stage is the same as the 6th stage, hence {1, 2, 3, 4, 4, 5, 7}.



Problem of the Week

September 23, 2008

Black and White

Draw a bunch of straight lines on a plane.  By doing so, youÕve cut the plane
up into a number of regions.  It is an interesting fact, which you might try to
verify, that it is always possible to color these regions with two colors
(White and Black, say) in such a way that no regions which share a
boundary line have the same color.  Here are some pictures:

Here we see one configuration in which there are the same number of White
and Black regions, and a second configuration in which there is one more
Black region than there are White regions.  Can you draw a map with
straight lines such that there are 2 more Black regions than White ones?  Is
there a limit?  I mean, can you make it so that there are hundreds more Black
regions than White ones?

Notes:
1. regions of the same color may share a vertex, but not a proper

segment.



2. this is very much a problem about straight lines.  If you allow other
curves it gets much more complicated.

Solution  There is no limit.

Here is a picture with 2 more Black than White:

and here is one with many more:

That one has 12 Black regions and 7 White ones.  Continuing in this pattern
we can make the imbalance as large as we want.
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Problem of the Week

September 30, 2008

The PrisonerÕs Constraint

no more verseÉ.morose newcomers mourn summer.

raucous nonsense overruns vacuous assurances.

numerous men snore, unawareÉnervous women can uncover no cause.

ravenous raccoons consume raw acorn macaroons.

a sane consensus: common sense overcomes excess meanness.

sour sorcerers swear venomous curses.

a sonorous newsman announces erroneous soccer score:  zero Ð seven.

What rule was followed in writing each of the sentences above?  To be clear,
the sentences have nothing to do with one another (indeed, they barely make
sense on their own) but they do all follow the same rule.

Can you write your own?  (note:  it isnÕt easy)



Problem of the Week

October 14, 2008

Hats I

Note:  for whatever reason, there are many logic problems involving
hatsÉitÕs a bit strange.

Three students are put in a room.  At a certain moment, hats will be placed
upon each of their heads.  Each hat will be either White or Black with equal
probability and the color of one studentÕs hat has nothing whatsoever to do
with the color of anotherÕs.  The students can not communicate with each
other once they have their hats on.  Of course, they will be able to see the
hats the other students will be wearing.  A few moments after receiving their
hats, each student will be asked to guess the color of their hat.  Students may
PassÉthereby refusing to guess.  The students will Win (and share equally
in a prize) if at least one of them guesses correctly and no one guesses
incorrectly.  All three must make their guess (or Pass) at the same instant.
They have a few minutes before they get their hats to work out a strategy.

ItÕs easy to come up with a strategy that wins half the time (e.g. one of them
says Black, other two Pass).  Can you do better?

As a variant:  suppose that the students will be answering in sequence, so
that subsequent responders will know what the earlier ones said.  What
strategy would you advise now?



Solution:

I think both of these are optimal, but I am not sure of it.

First Problem:  Every one gets the same instructions.  If you see different
colors, Pass.  If you see identical colors, guess the Opposite.  This way the
kids win unless all three Hats are the same color.  As that happens 2 times
out of 8, the strategy works 75% of the time.

Variant:  LetÕs say the students will answer in the order #1, #2, #3.

If #3 is Black, then both #1 and #2 Pass (if #3 sees them both Pass, she
should say ÒBlackÓ).

If #3 is White but #2 is Black, #1 should Pass (#2, seeing that #3 is White
and hearing #1 Pass should say ÒBlackÓ).  #3 should, of course Pass.

If both #3 and #2 are White, #1 should say ÒBlackÓ, hearing this, the other
two should Pass.

In this way, the kids win in all cases except {W, W, W}.  ThatÕs 7 out of 8,
so 87.5%  .



Problem of the Week

October 21, 2008

Hats II

A number of people are sitting in a room; each of them has a hat (either
White or Black).  Everybody can see everyone elseÕs hat but no
communication is possible.  At 5 minute intervals, anyone who has deduced
the color of his or her hat is free to leave the room.  At noon, an announcer
tells the crowd that there is at least one White hat and at least one Black.

What happens?

Hint:  try small numbers.  One person doesnÕt make sense, but two does.
That case is pretty easy.  What about three?



Problem of the Week

October 28, 2008

Batting Average

In baseball, a playerÕs Batting Average is computed by counting the number
of times the player has been At Bat, counting the number of Hits that
resulted, and then rounding the expression

1000*
#
#
AtBats
Hits

to the nearest integer.  For example, if the player achieves 20 Hits over 67 At
Bats in a season, weÕd compute 20/67 ~ .298507.  Multiply by 1000 to get
298.507 and we round to get (an impressive) 299.

Note:  the notion of what constitutes an ÒAt BatÓ gets a bit tricky but none of
the subtleties matter for this problem.

Question:  Suppose a given player has a Batting Average of 291 so far this
season.  Moreover, you are told that if the next At Bat results in a hit, that
average will jump to 300.  How many Hits has the player managed so far
this season?

Just to be clear:  Rounding a number to an integer generally means that you
should replace it with the nearest integer.  That definition is ambiguous in
the case of half-integers; there isnÕt a perfect consensus about what do in
those cases and for this problem letÕs just round up.  Thus, rounding 234.5
gives 235.



Solution:

Here is some useful Mathematica Code:
BA@Hits_Integer , AtBats_Integer D: =Round@1000 * Hits ?AtBats D
(Warning:  MathematicaÕs ÒRoundÓ handles half-integers by rounding
to the nearest even integer).

Here is a function which takes a given Average and a given number of At
Bats and figures out all the possible number of Hits which would have given
that Average.

F@x_D: =If @Floor @xD= =x, x-1, Floor @xDD
Hits @Ave_Integer , AtBats_Integer D: =
Table @i ,8 i , Ceiling @HAve-.5L* AtBats ?1000D, F@HAve+.5L* AtBats ?1000D<D
And here is a function which lists all the possibilities given a fixed Batting
Average and assuming that the number of At Bats is below some specified
level:
H@x_, y_D: =If @Length @Hits @x, yDDS0,8< , Flatten @8 Hits @x, yD, y<DD
AllPossibilities @BattingAverage_Integer , Cap_Integer D: =
Table @H@BattingAverage , iD,8 i , 1, Cap<D
Note:  this function prints a lot of blanks, I was too lazy to clean up the code.
You have to look over the list to find the cases you want.

In our problem, the desired average is 291.  LetÕs just guess (for now) that
the number of At Bats is less than 100.  We compute:



AllPossibilities[291, 100]88<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8 16, 55< ,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8 23, 79< ,8<,8<,8<,8<,8<,8<,8 25, 86< ,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<,8<<

Looking for the non-empty ones, we see that the possibilities are:  {16, 55},
{23, 79}, {25,86}.  (where we write {#Hits, #AtBats}.)

Now we just check.  Suppose we were at {16, 55}.  We note that one extra
hit would give the player {17, 56}, but 17/56 is .303571  so this would put
the player over 300.  No good.  Next is {23, 79}.  But 24/80 = .3 exactly, so
this one works.  The next is {25, 86} and 26/87 ~ .298851 which is too
small.  Higher AtBats would make the situation even worse, so the only
answer is {23, 79}.  Thus, our player has managed 23 Hits in 79 At Bats.



Problem of the Week

November 4, 2008

Election Day

WhatÕs your vote worth? (ok, ok. What would your vote be worth if you
were old enough to vote?) Here are the states together with their estimated
populations as of 2007 and with their actual representation in the Electoral
College.  How do the states compare?  Which state has the most powerful
vote?  Which state has the least?

States 2007 2007 States 2007 2007

 Population
Electoral

Votes  Population
Electoral

Votes
Alabama 4,599,030 9 Nevada 2,495,529 5
Alaska 670,053 3 New Hampshire 1,314,895 4
Arizona 6,166,318 10 New Jersey 8,724,560 15

Arkansas 2,810,872 6 New Mexico 1,954,599 5
California 36,457,549 55 New York 19,306,183 31
Colorado 4,753,377 9 North Carolina 8,856,505 15

Connecticut 3,504,809 7 North Dakota 635,867 3
Delaware 853,476 3 Ohio 11,478,006 20
Dist. of

Columbia 553,523 3 Oklahoma 3,579,212 7
Florida 18,089,888 27 Oregon 3,700,758 7
Georgia 9,363,941 15 Pennsylvania 12,440,621 21
Hawaii 1,285,498 4 Rhode Island 1,067,610 4
Idaho 1,466,465 4 South Carolina 4,321,249 8
Illinois 12,831,970 21 South Dakota 781,919 3
Indiana 6,313,520 11 Tennessee 6,038,803 11

Iowa 2,954,451 7 Texas 23,507,783 34
Kansas 2,764,075 6 Utah 2,550,063 5

Kentucky 4,206,074 8 Vermont 623,908 3
Louisiana 4,287,768 9 Virginia 7,642,884 13

Maine 1,321,574 4 Washington 6,395,798 11
Maryland 5,615,727 10 West Virginia 1,818,470 5

Massachusetts 6,437,193 12 Wisconsin 5,556,506 10
Michigan 10,095,643 17 Wyoming 515,004 3

Minnesota 5,100,958 10
Mississippi 2,910,540 6

Missouri 5,842,713 11
Montana 944,632 3
Nebraska 1,768,331 5



Solution:  Here are the states in order of power.  Weakest state is Texas,
strongest Wyoming.  Everything is listed as a ratio to Texas:

Texas 1.000 New Mexico 1.769
 Florida 1.032 Idaho 1.886

California 1.043 West Virginia 1.901
Georgia 1.108 Nebraska 1.955

New York 1.110 Maine 2.093

Arizona 1.121
New

Hampshire 2.103
Illinois 1.132 Hawaii 2.151

Michigan 1.164 Montana 2.196
Pennsylvania 1.167 Delaware 2.430
North Carolina 1.171 Rhode Island 2.590

Virginia 1.176 South Dakota 2.653
New Jersey 1.189 Alaska 3.096
Washington 1.189 North Dakota 3.262

Indiana 1.205 Vermont 3.325

Ohio 1.205
Dist. of

Columbia 3.747
Maryland 1.231 Wyoming 4.028
Wisconsin 1.244
Tennessee 1.259

South Carolina 1.280
Massachusetts 1.289

Missouri 1.302
Oregon 1.308

Colorado 1.309
Kentucky 1.315
Oklahoma 1.352
Alabama 1.353

Minnesota 1.355
Utah 1.356

Connecticut 1.381
Nevada 1.385

Mississippi 1.425
Louisiana 1.451
Arkansas 1.476
Kansas 1.501

Iowa 1.638



Problem of the Week

November 4, 2008

The Condorcet Method for Voting

Voting is difficult, especially when there are lots of available choices.  Here
is one method that has quite a few advantages:  Look at each pair of choices.
We say that, for example, ÒA beats BÓ  if A is preferred by more voters than
B is.  We then say that, for example, ÒA is the winnerÓ if A beats every other
option.  Here is an example.  We imagine that a number of groups were
asked to rank 5 candidates for office.  For example, the first group
(containing 18 voters) ranked candidate A last (#5 out of 5 choices) and
candidate B first (#1 out of 5 choices):

group of 18  group of 12  group of 10  group of 9  group of 4  group of 2
Candidate A 5 1 2 4 2 4
Candidate B 1 5 5 5 5 5
Candidate C 2 3 4 1 3 3
Candidate D 4 4 1 2 4 2
Candidate E 3 2 3 3 1 1

Which candidate wins under the Condorcet method?  Can you see a problem
with this method of voting?

Example:  LetÕs compare A to B.  A is preferred by 12 + 10 + 9 + 4 + 2 = 37
voters.  B is preferred by 18 voters (only the first group prefers Candidate B
to Candidate A).  Hence, A beats B.



Solution:  Note that there are 55 votes all in all, so the winning candidate in
any pair just needs 28 votes.

In the above situation, Candidate E wins.  LetÕs compare:

E to A:  E is preferred by 18 + 9 + 4 + 2 = 33 so E wins.
E to B:  E is preferred by 12 + 10 + 9 + 4 + 2 = 37 so E wins.
E to C:  E is preferred by  12 + 10 + 4 + 2 = 28 so E wins (barely).
E to D:  E is preferred by 18 + 12 + 4 + 2 = 36 so E wins.

The biggest problem with the method is that it often fails to yield a winner.
To see an example of this, suppose that we have 3 candidates (A, B, C) and
3 groups each consisting of a single voter.  Suppose the preferences are as
follows:

group of 1  group of 1  group of 1
Candidate A 1 2 3
Candidate B 2 3 1
Candidate C 3 1 2

Then:  A beats B, B beats C, and C beats A so there is no Condorcet winner.



Problem of the Week

November 11, 2008

Hats III

Three people, A, B, and C, are in a room, and each wears a hat with a
positive integer on it. They know that one of the integers is the sum of the
other two.

A speaks first, then B.  They make the following statements:

A: ÒI donÕt know my number.Ó

B: ÒMy number is 15.Ó

What were the numbers on the hats of A and C?

Hint:  the fact that A canÕt decide tells B one very important fact.  What is
it?



HatsIII (solution)

In general, of course, B knows that her number is either |C Ð A|  or C + A.
As C and A are both positive, these two can not be equal (why not?).  It is,
however, possible that C Ð A is 0 (if C = A) and in that case, B would know
that her number is C + A.

The useful fact that A reveals is that B and C have different numbers (if B
and C had the same number, A would have known that his number was the
sum, as 0 is not a possibility).

So B knows that her number is different from CÕs.  We want to find numbers
C and A such that one of |C Ð A|  and C + A is 15 and the other is C.  Now,
C + A can never be C (as A is positive).  Hence, we must have |C Ð A| = C.
the only way this can happen is if A = 2C.  Thus we get 15 = C + A = 3C so
C = 5 and therefore A = 10.

Just to be clear:  B starts out seeing A = 10 and C = 5.  Before A speaks, B
knows that she either has 5 or 15, no way to decide which.  When A
confesses that he canÕt decide, B knows that she canÕt have 5 (else A would
have known he had 10).  Thus B knows she has 15.



Problem of the Week

November 11, 2008

Hats IV

(From Car Talk)

Eighteen people at a ball are wearing hats numbered 1-18. At one point
during the evening, when everyone is dancing, person One notices that each
coupleÕs numbers add up to a perfect square.

What was the number on person OneÕs dance partner?



HatsIV (solution).

Well.  What squares are possible?  We canÕt get as high as 36, nor can we
get as low as 1, so the only relevant squares are 4, 9, 16, and 25.  NowÉthe
hats numbered 16, 17, and 18 can only be paired with 9, 8, and 7
respectively (as they canÕt hope to be part of a sum as low as 16).  Thus
weÕve accounted for {7, 8, 9, 16, 17, 18}.

What about the rest?  For a first pass we have:

15 could be paired with 1 or 10
14 could be paired with 2 or 11
13 could be paired with 3 or 12
12 could be paired with 4 or 13
11 could be paired with 5 or 14
10 could be paired with 6 or 15
6 could be paired with 3 or 10
5 could be paired with 4 or 11
4 could be paired with 5 or 12
3 could be paired with 1, 6, or 13
2 could be paired only with 14 (as 7 and 9 are already accounted for)
1 could be paired with 3 or 15.

The most useful thing there is that 2 must be paired with 14.  Studying the
table we see that 11 must then be paired with 5, 4 must be with 12, 13 with
3, 1 with 15, and so on.

Summarizing, the couples must be: {1, 15}, {2, 14}, {3, 13}, {4, 12},
{5, 11}, {6, 10}, {7, 18}, {8, 17}, {9, 16}.



Problem of the Week

November 18, 2008

The Multiplication Table

Here is part of the Multiplication Table

 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 1 2 3 4 5 6 7 8 9 10 11 12 13 14

2 2 4 6 8 10 12 14 16 18 20 22 24 26 28

3 3 6 9 12 15 18 21 24 27 30 33 36 39 42

4 4 8 12 16 20 24 28 32 36 40 44 48 52 56

5 5 10 15 20 25 30 35 40 45 50 55 60 65 70

6 6 12 18 24 30 36 42 48 54 60 66 72 78 84

7 7 14 21 28 35 42 49 56 63 70 77 84 91 98

8 8 16 24 32 40 48 56 64 72 80 88 96 104 112

9 9 18 27 36 45 54 63 72 81 90 99 108 117 126

10 10 20 30 40 50 60 70 80 90 100 110 120 130 140

11 11 22 33 44 55 66 77 88 99 110 121 132 143 154

12 12 24 36 48 60 72 84 96 108 120 132 144 156 168

13 13 26 39 52 65 78 91 104 117 130 143 156 169 182

14 14 28 42 56 70 84 98 112 126 140 154 168 182 196

15 15 30 45 60 75 90 105 120 135 150 165 180 195 210

16 16 32 48 64 80 96 112 128 144 160 176 192 208 224

17 17 34 51 68 85 102 119 136 153 170 187 204 221 238

18 18 36 54 72 90 108 126 144 162 180 198 216 234 252

19 19 38 57 76 95 114 133 152 171 190 209 228 247 266

20 20 40 60 80 100 120 140 160 180 200 220 240 260 280

Shown here are all the multiplications from 1*1 out to 14*20.  Of course, the
table extends forever, both down and to the right.  If I choose any number on
this table (other than those that arise as 1*something or something*1) there
are exactly 8 other entries which touch it.  For example, if, as illustrated, I
choose 126  (= 14*9) the numbers which touch it are {104, 117, 130, 112,
140, 120, 135, and 150}.    If I liked, I could add these upÉIÕd get 1008.

Question:  Suppose IÕve chosen a number (not necessarily contained in the
portion of the table shown above) for which the sum of the 8 numbers which
touch it is 3,312.   What was the number I chose?  (Note:  of course, any
given number is likely to come up in several places on the table).



Solution: Try a few examples.  The sum is always 8 times the number in the
middle, hence the answer we seek is 3312/8 = 414.

Let us prove this.  Suppose our number were m*n.  Then the array we want
looks like this:

(m Ð 1)*(n Ð 1) m*(n Ð 1) (m + 1)*(n Ð 1)
(m Ð 1) * n m*n (m + 1)*n

(m Ð 1)*(n + 1) m*(n + 1) (m + 1)*(n + 1)

Multiplying everything out we get:

mn Ð m Ð n + 1 mn Ð m mn + n Ð m - 1
mn Ð n m*n mn + n

mn Ð n + m - 1 mn + m mn + m + n + 1

Now we just have to add.  Note that every term has an mn in it, hence we get
8*mn.  Now look at the nÕs.  The three terms on the left each contribute Ð n.
the three on the right each contribute + n.  Hence these terms cancel.
Similarly the terms in m cancel, as do the 1Õs.

As a curiousity; note that the 4 which touch at the vertices add to 4mn, as do
the 4 which touch along sides.



Problem of the Week

November 25, 2008

Multiplication Table II

The table below is a piece of a large multiplication table that was left out in
the rain. Each asterisk represents a number that, alas, is now unreadable.
What number was in the place of A?

8149 * *

* A *

* * 8773

Can you find where this is on the Table?  That isÉ8,149 arises as m*n for
some m and n (there might be many such pairs).  Can you discover which
ones are involved here?



Solution:  Suppose the center of your diagram is m*n.  Then the upper left is
(m Ð 1)*(n Ð 1) = mn Ð m Ð n +1.  the lower right is
(m + 1)*(n + 1) = mn + m + n +1.  Adding these together we get 2mn + 2.
Thus, if we seek to recover the middle term A, we need only add the upper
left to the lower right, subtract 2, and then divide by 2.  In our case we get

8149 + 8773 = 16,922

Less 2 gives us 16,920.

Dividing by 2 gives 8,460 and this is our answer.

Nor is it terribly difficult to solve for m and n.  We note that 8149 is the
product of two primes:  29 and 281.  Hence 8149 can only arise in the table
as 1*8149 or as 29*281.  Inspection reveals that 8773 = 31*283 so we must
have m = 30, n = 282 (or the reverse).



Problem of the Week

November 25, 2008

Multiplication Table III

840 * *

* B *

* * _8_

Here we have another portion of your sadly rain-damaged copy of the
Multiplication Table.  In the above, you can clearly read the 840 in the upper
left corner.  Most of the rest of it is illegible, thoughÉthe best you can sort
out is that the bottom right has 3 digits of which the middle one is an 8.

What is B?



Solution:

A simple, though tedious, search.  Here are the factors of 840 along with the
relevant quotient and the number that would appear in the lower right corner
(if the factor is r and the quotient is s then the lower right corner is
(r+2)*(s+2). )

1 840 2526
2 420 1688
4 210 1272
8 105 1070
3 280 1410
5 168 1190
7 120 1098
6 140 1136

10 84 1032
14 60 992
12 70 1008
20 42 968
28 30 960
24 35 962
40 21 966
56 15 986
30 28 960
60 14 992

120 7 1098
15 56 986
21 40 966
42 20 968
84 10 1032

168 5 1190
35 24 962
70 12 1008

140 6 1136
280 3 1410
105 8 1070
210 4 1272
420 2 1688
840 1 2526

By inspection, 986 is the only one that works.  Thus 840 is 15*56 and B is
16*57 = 912.



Problem of the Week

December 2, 2008

Big Box

You wake up one day in a large room (pictured below).  The room is a
50Õ! 50Õ! 50Õ cube. There are two ropes that are super-glued to the middle of
the ceiling one foot apart from each other, which hang down almost to the
floor. Each rope is just strong enough to support your weight. In one corner
of the room, a metal prong is planted in the floor. A 3Õ! 3Õ window is in one
of the walls next to the hook, at floor level.

Looking out the window, you see that the room you are in is somehow
suspended 100 feet above the ground. You know that you canÕt survive a fall
of more than 10 feet.

The only tools you have with you are your trusty Pocketknife, your brains,
and your superior rope climbing ability.

How do you escape this predicament?



Problem of the Week

December 2, 2008

A Sad Event

Someone has committed a crime in the Library, a crime too vile to speak of
(picture of teacher, antlers). We have 6 suspects.  It is known that each of
these six entered the Library exactly once during the dayÉstayed for a time
and then left.  They are each asked if they saw anyone else during their visit.

¥ Ann claims to have seen Bill and Evan
¥ Bill claims to have seen Ann and Frances
¥ Carol claims to have seen Frances and Dave
¥ Dave claims to have seen Ann and Frances
¥ Evan claims to have seen Bill and Carol
¥ Frances claims to have seen Carol and Evan

In grave matters such as this, it can be difficult to know what to think.  Let
us, then, assume a couple of things.  Let us, for example, assume that if two
of them were in the Library at the same time then at least one will have seen
the other.  Perhaps they will have seen each other, but we canÕt be sure of
that.  Let us also assume that everyone except the Guilty Party is being
completely honest.  We may also imagine that the Guilty Party would be
likely to falsely claim to have seen one or more of the others, in an attempt
to divert suspicion.

Who is the Guilty Party?



A Sad Event   Solution.

Let us denote each suspect by the first letter of their name.  Happily this
gives us A through F.  For the moment let us trust that everyone has been
honestÉweÕll see if we can get a contradiction.

Let us consider ÒoverlapsÓ.  For example, A is meant to overlap with B and
E (according to A) and with D  (according to D).  Here is the full list:

A overlaps with {B, D, E}
B overlaps with {A, E, F}
C overlaps with {D, E, F}
D overlaps with {A, C, F}
E overlaps with {A, B, C, F}
F overlaps with {B, C, D, E}

Let us focus on FÉFrances overlaps with everyone but Ann.  Let us
suppose, for concreteness, that A entered firstÉleft the LibraryÉand
sometime later F entered.  It might be the reverse, but that will end up
looking just the same.  B overlaps both.  Our Òtime graphÓ looks like this so
far:

But, we have a problem!  DÕs story makes no sense.  How could D overlap
with A and with FÉbut not with B?  The others are perfectly plausible:

But D is right out.  Hence Dave is the Guilty Party.

Note:  had you focused on E instead of F from the start you would have
noted that E and D are disjoint (according to their stories).  But then youÕd
have run into all sorts of troubleÉleading you to imagine that there was a
problem with either E or D.

A F
B

E

A F

B

C



Problem of the Week

December 9, 2008

Newton-Pepys Problem (easier)

As a warm up to the general question:

If you flip a fair coin twice, what are the odds that you get at least one
Heads?

If you flip a fair coin four times, what are the odds that you get at least two
Heads?

Even if you canÕt decide this exactly, you can try to do it by experiment.
Take out a coin a try it.  Are your odds better in the first case or the second?

This is a lot easier than the question involving dice, though the ideas are the
same.  Why is it so much easier?



Problem of the Week

December 9, 2008

The Newton-Pepys Problem

In a rather lengthy correspondence beginning on December 9, 1693 (exactly
315 years ago today) Samuel Pepys (a well known diarist) asked Isaac
Newton to help him with a wager he sought to make.  The question, in
essence, was which of the following is most likely:

¥ Throwing at least one 6 using six dice.
¥ Throwing at least two 6Õs using twelve dice.
¥ Throwing at least three 6Õs using eighteen dice.
¥ In general, one might seek to throw at least n 6Õs using 6n dice.

Notes:
1. the probabilities are quite close, there is no easy way to see them.  If

you canÕt sort it out exactly, you might try doing it by experiment (of
course, you can roll one die multiple times instead of rolling multiple
dice once).  Which do you think is the most likely?

2. start by solving the first case (i.e. find the odds of throwing at least
one 6 using six dice) completely.  This will help with the other twoÉ

3. surprisingly, Pepys seems to have seriously disliked NewtonÕs
answer (which, not surprisingly, was entirely correct).  IÕll attach a
portion of the correspondenceÉit makes good reading! At this point,
Pepys has had NewtonÕs answer to the original question but, spurning
it, has endeavored to rephrase the problem in a way which, he feels,
will generate a more pleasing response. It is interesting that he felt
the need to invoke a hypothetical convict on Death Row.  Like a
legion of gamblers before and after him, Pepys appears to believe that
probability changes if you feel very, very strongly about the outcome.

4. reading the letter, it helps to know that ÒsiceÓ meant ÒsixÓ in much
the same way that ÒdeuceÓ on occasion means ÒtwoÓ and ÒtreyÓ
sometimes means  ÒthreeÓ.  In the same way, ÒcaterÓ meant four, and
ÒsinkÓ meant five.



Sr.
It was my fortune to bee out of towne at Mr SmithÕs Returne, so as I recd ye
favour of Your Letter left for mee by him, but have without successe expected everyday
to see him since my being back, that I might ye more particularly render You with my
thankes (which I doe most respectfully pay you) my acknowledgmts for ye Satisfaction
You are therein pleasÕd to give mee upon ye Question I troubled You with by him. I am
suspitious hee is not well, that I have been soe long without his Visit, or that hee is not
yet informed of my being returnÕd. I will not however longer respite my observing to
You, that the Construction hee would putt upon ye Question (& which I would the rather
have discoursed with him on, before my offering you any thoughts of mine upon it)
seems no more to mee, than I find it does to You, in any wise warrantable from ye Terms
of it; I carrying about mee just ye same notion of its meaning that you doe viz., How
much more or lesse Expectation A may (wth equal Lucke) reasonably have; of throwing
at one or every throw one Sice at least with six Dyes, that B two Sices with Twelve, or
C three with Eighteen Dyes?

Now if this wording of ye Question sorts as well with your Conceptions of it, as I
have endeavourÕd to make them speak mine, Then I discerne Your Resolution to come
clearly up to ye Question in ye Terms I understood it in, & that You give it in favour of
ye Expectations of A, & this (as you say) by an easy Computation. But yet I must not
pretend to soe much Conversation wth Numbers, as presently to comprehend as I ought
to doe, all ye force of that wch you are pleasÕd to assigne for ye Reason of it, relating to
their having or not having ye Benefit of all their Chances; and therefore were it not for ye
trouble it must have cost you; I could have wishÕd for a sight of ye very Computation.
But I have abundant Reason to sitt downe (as I doe) without hesitancy under Your
Determination, rather than keep-up an Enquiry that I have already given you more
Interruption by, than I can reasonably expect Your Excuse for.  I must confesse, were I
now (after soe much chawing of ye Question) to begin my pursuit afresh after a Solution
of it; I think I should avoid some of the Ambiguitys that commonly hang about our
Discoursings of it, by changing ye characters of ye dice from Numbers to Letters, &
supposing them instead of 1, 2, 3, &c to bee branded with ye 6 initial Letters of ye
Alphabet A, B, C, D, E, F. And the Case should then bee this; Peter a Criminal convict
being doomÕd to dye, Paul his Friend prevails for his having ye benefitt of One Throw
only for his Life, upon Dice soe prepared; with ye Choice of any one of these Three
Chances for it, viz.One F, at least upon Six such Dice. Two FÕs at least upon Twelve such
Dice. Or Three FÕs at least upon eighteen such Dice.  Question. Ð Which one of these
Chances should Peter in this Case choose?

I have ye rather pitchÕd upon this Method of stating it, for ye rendring it receptive
of as simple and succinct an Answer as (for ye AnswererÕs Ease) I could. And therefore
though I canÕt absolve my selfe of Impertinence in ye offering it, Yet if You shall please,
to what You have already indulgÕd mee in it, to throw-in one Act of Kindness more, &
tell mee Your thought in ye matter as thus drest, without creating more Worke to Your
Selfe in Your Reply, than by giving it mee in either of these 2 Words, the First Ð The
Second Ð or The Third; I shall yet think I have askÕd too much, & rest ever,

Your true honorer & most
faithfull humble Servant

S. PEPYS



Solution:

Here are functions which give exact solutions:
Exact @n_, m_D: =Binomial @m, nD*H1?6L^n*H5?6L^Hm-nL
Ans@m_D: =N@Sum@Exact @n, 6 mD,8 n, m, 6 m<DD

And here are the first 5 values:8 0.665102 , 0.618667 , 0.597346 , 0.584487 , 0.575661 <



Problem of the Week

December 16, 2008

Toys

At this time of year, the distribution of gifts becomes a question of
special interest.  With that in mind, let us suppose that you have a
number of toys, with various costs, and that you wish to give them
to a number of children.  Fair play and domestic harmony dictate
certain rules:

¥ LetÕs say that you want each childÕs gifts to cost the same
amount (in total) and that

¥ you want no child to receive more than one gift more than
any other child receives.

Here is a concrete situation:  suppose you have 12 toys with prices
{$1, $2, $3, $4, $5, $6, $7, $8, $9, $10, $11, $12}.  You have two
children to give the toys toÉcan you do this (following the rules,
of course)?

What if you had 18 toys (valued from $1 to $18) and 3 children?

Or, still with 3 children, what if you had 45 toys (valued from $1 to
$45)?



Problem of the Week

January 13, 2009

The Patient Cat

A cat has found three holes in the ground and believes that a
mouse might run from any one of these at any moment.  Mice are
fast, however, and the cat needs to be efficient.  Moreover, the
mice will sense the presence of the cat and select the escape hole
accordingly.  Therefore, the cat canÕt allow any one hole to be too
far off.  Where should the cat wait?

Does the form of your answer depend on the positions of the
holes?

?



Problem of the Week

January 13, 2009

Too many Liars III

5 kids are sitting around a table and make the following
statements:

Zelda:  Pierrepont school is located in Westport, Connecticut.
Yves:  The number I am thinking about is even.
Xerxes:  If you add up the first 9 prime numbers you get 100.
Wendy:  The number Yves is thinking about is odd.
Vlad:  Only one of the other kids is telling the truth.

How many of those statements are true?

Note: it appears that there are far more common names at the start
of the alphabet (the AndyÕs, AllieÕs, and AlexÕs of our local world
greatly outnumbering the ZekeÕs and the ZeldaÕs, though Zachary
is making a valiant effort).



Problem of the Week

January 27, 2009

False Patterns

Imagine a bunch of points arranged on a circle, connected by
straight lines in every possible way.  If necessary, move them a
little to ensure that no point inside the circle is on more than two
lines.  Here are a few pictures:

Count the number of regions you have made.  I think it is
reasonably easy to verify that the sequence so far is 2, 4, 8, 16, É

The last figure shown has 5 points on the circle.  Now, draw the
picture with 6 points on the circle.  How many regions have you
made?  Be extremely careful!  What is the answer for 7 points?



Problem of the Week

February 3, 2009

Mountain Ranges

You have a bunch of upward slashes, /, and a bunch of downward
slashes, \.   Same number of each.  You can make various
mountain ranges with theseÉfor example, with one of each you
can make a single mountain:  /\ .   With two of each, you can make
two short mountains:  /\  /\    or one tall mountain:

With more slash marks, more complex patterns are possible:

How many different mountain ranges can you make with 3 of each
(3 up and 3 down)?   What about 4?  5?  10?   Just to be clear on
the rules, the starting height must be the same as the ending height
and this (common) height is the lowest your mountain range can
ever get.  You can never get below the starting level.  This is a
pretty tight condition:  for example, it implies that the first slash
must be upward pointing and the last must point downward
(why?).

Can you see a pattern in your answers?  (note:  it isnÕt easy).

  /\
/    \

            /\
    /\    /    \
  /    \/        \    /\
/                   \/   \



Problem of the Week

February 3, 2009

How Many Lines?

The above shows a bunch of straight sticks thrown into a pile.  How many
sticks are there?



Problem of the Week

February 10, 2009

3
2 1

1 2 3
2 4 2 2

3 1 1 2 1
2 2 4 3 2 2

1 3 2 2 4 3 1

Starting with the top 3, you may go down either to the left (to the
2) or to the right (to the 1).  In each case, you keep track of your
total score (5 in the first case, 4 in the second).  Keep going down.
At each stage, you have two options, and your score keeps
increasing.  Eventually, of course, you reach the bottom level.
What is the highest score you can reach?



Problem of the Week

February 10, 2009

2 3
1 3 2 1

2 1 4 1 1 3
1 3 2 1 2 1 2 1

2 1 1 1 3 3 1 1 2 1
4 2 1 2 1 1 1 1 3 2 1 2

1 1 3 2 1 2 1 2 1 2 1 3 1 3
2 1 1 2 1 2 3 2 1 4 3 2 1 1 1

1 3 2 4 1 1 2 1 1 2 1 1 3 1 2 1

Starting with either the top 2 or the top 3, you may go down to the
left or to the right, keeping track of your total score.  Thus, there
are four possibilities for the first move:  you could go 2-1 , 2-3,
3-2, or 3-1 (giving you possible scores of 3, 5, 5, and 4
respectively).  Keep going down.  At each stage, you have two
options, and your score keeps increasing.  Eventually, of course,
you reach the bottom level.  What is the highest score you can
reach?



Problem of the Week

February 17, 2009

Hill Grades

People who climb hills, bicyclists, say, measure the grade of a hill
by looking at the height climbed divided by the total length.
Whole thing measured as a percent.

Thus, a perfectly vertical climb would go up, say, 100 feet over
100 feet.  This would make a grade of 100%.  Flat ground goes up
0 over however many feet.  Total grade of 0%.

How are we to interpret this scale?

LetÕs compute the grade of the stairs leading up to the school.  We
should get that one exactly, no?  LetÕs do the stairs between the
first and second floors.

LetÕs compute the grade of the hill leading from Rt. 1 up to our
driveway.  That one is harder.  Do it in groups, be careful.

Can you ride your bike up a 10% grade?  20%?  What do these
numbers mean in physical terms?



Problem of the Week

February 17, 2009

Rotating Lines

Two lines are drawn at random and a point is chosen on each line
(also at random).  In the above diagram, the chosen points are
labeled P and Q.   Now, begin to rotate the lines about the chosen
point on it.  Thus, both lines are spinning like the hands on a clock.
Both at the same speed, in the same direction.  As you do this, the
point of intersection (currently labeled X) clearly moves.  What
path does it follow?

This is, I think, hard to see abstractly.  Try to do it physically!
Draw the figure and try to rotate it.  You might not be certain of
your answer, but you should have a very clear picture in mind.

X

P

Q



Problem of the Week

February 24, 2009

Triangles within triangles

The above shows a stack of equivalent circles; you could reproduce this with
15 pennies, for example.  Any unwanted gaps or overlaps are an error of the
drawing and should be ignored.

Connecting the centers of the three circles on the vertices gives an
equilateral triangle.  Connecting the centers of the three circles in the interior
gives a smaller equilateral triangle.  All in all, how many equilateral
triangles can you make by connecting the centers of three of the circles?



Solution:

1
2 3

4 5 6
7 8 9 10

11 12 13 14 15

Use the numbering system above .   IÕll list the triangles according to the scheme I
mentioned; a ÒhorizontalÓ triangle is one with sides parallel to the sides of the original.
An ÒirregularÓ is anything else.  A horizontal triangle may point up or down.  An n-
triangle is one with n circles in it.  In this figure we have n-triangles for n = 3, 6, 10, and
15.

Horizontal triangles:

Up ones: [20 in all]

15-triangle;  {1, 11, 15}

10-triangles:  {1, 7, 10}, {2, 11, 14}, {3, 12, 15}

6 Ðtriangles:  {1, 4, 6}, {2, 7, 9}, {3, 8, 10},  {4, 11, 13}, {5, 12, 14}, {6, 13, 15}

3-triangles:  {1, 2, 3}, {2, 4, 5}, {3, 5, 6}, {4, 7, 8}, {5, 8, 9}, {6, 9, 10}, {7, 11, 12}, {8,
12, 13}, {9, 13, 14}, {10, 14, 15}

Down: [7 in all]

6-triangles:  {4, 6, 13}

3-triangles:  {2, 3, 5}, {4, 5, 8}, {5, 6, 9}, {7, 8, 12}, {8, 9, 13}, {9, 10, 14}



Irregular ones: [8 in all]

Small ones: {2, 6, 8}, {3, 4, 9}, {4, 12, 9}, {6, 8, 14}, {5, 7, 13}, {5, 10, 13}

Large ones: {2, 10, 12}, {3, 7, 14}

Total:  20 + 7 + 8 = 35

Odds:  There are 15 Choose 3 = 455 possible triples of circles.  Thus the odds that a
random triple defines an equilateral triangle are 35/455 = 1/13.

HereÕs a picture that shows 2 of the irregular ones (one of each size):



            

                

                

                

                

                

                



Problem of the Week

March 3, 2009

The Timid Cat

A tired cat finds herself on a triangular bit of land, bounded by
busy roads on all three sides.  Not being a great fan of traffic, the
cat would like to rest at the point which is as far as possible from
all three roads.  Where should she sleep?



Problem of the Week

March 3, 2009

Fill in the Blanks

Fill in the blanks, one letter per blank, in such a way that, not only
is the sentence in the circle true, but the four letter word obtained
by reading your four letters vertically down also refers to
something true.

INSIDE THIS CIRCLE THERE

ARE EXACTLY:

TWO  ___ÕS

THREE  __ÕS

FOUR  ___ÕS

SIX  __ÕS



Problem of the Week

March 31, 2009

Cooperative Cats

As unlikely as it may sound, three cats have settled on an arrangement
wherein they will jointly patrol a circular plot of land.  Cats being
fundamentally lazy, each cat wants to sit at some point and cover a circular
region centered at herself.  Assume that each catÕs circle has the same radius
and that the cats want that radius to be as small as possible (I did mention
that they were fundamentally lazy).  Where should they sit?  Of course,
thereÕs no way to cover the disk with three disjoint circles, so the catsÕ
individual circles will have to overlap.  We trust theyÕll be able to sort out
the inevitable disputes.  Where would 4 cats with a similar deal sit?  5?



Problem of the Week

March 31, 2009

Which is greater?

002,000,000,000,000,000,2
001,000,000,000,000,000,2

002,000,000,000,000,000,1
001,000,000,000,000,000,1

or



Problem of the Week

April 14, 2009

Weights

You have 2 Black objects, 2 White objects, and 2 Gray Objects.  You are
told that in each pair one weighs x grams and the other weighs y grams with
x > y.

Explain how to determine the weights of all 6 objects using only two
weightings with a standard balance.

To be clear:  you can not hope to discover the numerical values of x or y
with the available tools; all you can do is to identify the three Objects that
weigh x and the three that weigh y.



Solution:

Label the objects  {B1, B2}, {W1, W2}, {G1, G2}.

First weighing:   B1 , W1   against W2, G1

If they are equal then we are done quickly.  If, say, W1 has weight A and
W2 weighs B then we know that B1 weighs B, B2 weighs A, G1 weighs A,
and G2 weighs B.  We can then weigh W1 against W2 to find out if A is x or
y.

So suppose that they are unequal. For concreteness, suppose that B1, W1 is
heavier (the other case is no different).  We then know that W1 must weigh
x!  For if W1 was the lower weight then neither value for B1 would make
B1, W1 heavier.  So, W1 = x and W2 = y.  There are 3 possibilities:

#1:  B1 = x, G1 = y  (implies B2 = y, G2 = x)

#2: B1 = x, G1 = x (implies B2 = y, G2 = y)

#3:  B1 = y, G1 = y (implies B2 = x, G2 = x)

Accordingly, measure B2 against G1.  The three cases correspond to the
three outcomesÉ.  B2 < G1 implies #2, B2 = G1 implies #1, and B2 > G1
implies #3 and we are done.



Problem of the Week

April 28, 2009

Shipping Problems

You are going on a flight and the rules for carry-on luggage clearly
state that no object greater than 1 yard in any dimension can be
allowed.  Alas, you have a long, thin telescope which is nearly 1
and a half yards long.

Can you get it on board?



Problem of the Week

April 28, 2009

The Disorderly Banquet

A large group is sitting at a round table, one of those tables
equipped with a rotating disk in the middle.  The restaurant serves
good food (one hopes) but the service is not so greatÉindeed, not
one person gets the meal they ordered.  Of course, no two people
ordered the same thing, so there is general discontent.

Show that it is always possible to rotate the disk in such a way that
at least two of the guests get their desired meal.  Is it always
possible to satisfy three guests?



Problem of the Week

May 19, 2009

Palindromic Primes

How many prime numbers, p, have the following properties:

¥ P has evenly many digits.
¥ P reads the same backwards as forwards.

Hint:  Start by listing all the 2 digit examples (this isnÕt hard!).  Now try to
factor a few 4 digit palindromic numbers.  Just to be clear, a number is
ÒpalindromicÓ if, like 432234, it reads the same backwards as forwards.



Problem of the Week

Prime Triples

May 19, 2009

It is easy to find pairs of primes; that is, consecutive odd numbers
both of which are prime.  3 and 5, for example.  Or 101 and 103.
No one knows if there are infinitely many such pairs, but computer
searches have found lots and lots of them.

{3, 5, 7} is a prime triple.  Are there any others?


